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Abstract 
The effect of field induced anisotropy of sound absorption within the framework of two-phase model of magnetic liquid is 
considered. The model takes into account mutual interaction of magnetic particle clusters constituting soft skeleton and 
interaction of these clusters with carrier liquid. Theoretical predictions of the model are discussed and compared with 
experimental data of the anisotropy of sound absorption coefficient for different intensity of external magnetic field. 
"PACS: 47.65.Cb, 47.35.Rs, 47.57.J-"  
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1. Introduction 
A magnetic liquid consists of magnetic particles dispersed in a carrier liquid. These particles typically have the 
diameters of 10–40 nm, so they are small enough to constitute a single magnetic domain. They are coated with the 
surface-active medium to prevent coagulation. High stability of a magnetic liquid is achieved through a combination 
of particle thermal motion and steric repulsion, both working against Van der Waals and magnetic dipole 
interactions that tend to stick the particles together. However, microscopic observations [1] as well as theoretical 
considerations [2] show that under the influence of an external magnetic field certain amount of magnetic particles 
aggregate to form spherical clusters or chains-like structures aligned in the field direction. This developed 
microstructure causes an increase of viscosity and gives rise to solid-like properties such as elasticity and yield-
stress. During recent years an increasing interests in the study of ultrasound propagation in magnetic liquids is 
observed due to high sensitivity of  ultrasonic method in detecting process of clusters and chains formation [3].  
In the absence of magnetic field the ultrasonic properties of magnetic liquids can be described in the same way as 
it is done in colloid mixtures [4]. Thus the attenuation of ultrasound can be expressed as the sum of four 
contributions: absorption in carrier liquid, visco-inertial absorption, thermal absorption, and monopole and dipole 
scattering losses. The effect of clusters and chains formation on the absorption of ultrasonic wave in magnetic liquid 
has been theoretically analyzed by Taketomi [5], Pleiner and Brand [6] and, recently, by Shliomis et al. [7]. These 
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models differ, mainly, in the assumption concerning the length and structure of the chains formed by magnetic
particles.
In this paper a two-phase description of magnetic liquid is used to study the anisotropy of the sound attenuation.
The basis of this model is the theory of multiphase media, and particularly, the dynamic theory of anisotropic fluid
saturated porous materials [8].
2. Mathematical model description
It is assumed that magnetic liquid consists of two phases: solid skeleton (s) made of interacting clusters and fluid
(f) composed of carrier liquid with free magnetic particles. The motion of both phases is governed by two linearized
equations of balance of linear momentum [8]
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where Uf and Us stand for the average mass densities of fluid and solid phase, vf and vs are macroscopic velocities of 
fluid and solid skeleton, Tf and Ts denote stress tensors, and Rf  Rs are interaction forces between phases. All the
above macroscopic quantities are averaged over volumes which are much smaller than the wavelength of considered
waves.
The stress tensor in fluid phase consists of two parts: hydrostatic and viscous:
 (2),)1( ijijfij pnT SG  
where p is the fluid pressure, n is the volume fraction of clusters which constitute skeleton and Sij are the viscous
components of the macroscopic stress tensor. Assuming that axis x3 is perpendicular to the plane of isotropy which
includes x1, x2 the hydrostatic component of the stress tensor in fluid phase for a transversally isotropic medium
reads
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where eij denotes the strain tensor for the skeleton and H is the relative volume change (dilatation) of fluid that can be
expressed by components of displacement of skeleton uis and fluid uif.
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The coefficients M and Q relate deformations of solid phase to that of fluid phase while R  is a measure of the 
hydrostatic stress required to change the volume of fluid phase if the volume of skeleton remains constant. The
components of macroscopic viscous stress tensor in fluid phase are assumed to depend on rate of deformation of
fluid
¸
¸
¹
·
¨
¨
©
§
w
w

w
w 
i
f
j
j
f
i
ij xx
d
XX
2
1  (5)
and for given symmetry are the following
70 T. Hornowski et al. / Physics Procedia 3 (2010) 69–75
Tomasz Hornowski / Physics Procedia 00 (2010) 000–000
 (6)
,2
,2
,2
),(2
),(2
),(2
122112
232323
133113
3322113333
3322112222
3322111111
d
d
d
dddd
dddd
dddd
PSS
GSS
GSS
EJS
DPS
DPS
  
  
  
 
 
 
where P, D, J, E, and G are viscosity constants in macroscopic description.
The stress tensor for skeleton which expresses interaction between clusters depends in general on
deformation of skeleton and dilatation of fluid and its components for transversally isotropic case may be 
represented as
 (7)
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where N, A, F, C, L are elasticity constants characterizing elastic response of a skeleton.
The interaction  force between carrier liquid and the skeleton is assumed to be a sum of viscous (frictional)
force and inertial force and the appropriate components are the following:
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where bt, bn and ct, cn are coefficients characterizing viscous and inertial coupling, respectively for transversally
isotropic medium. Similarly, with the interaction of an oscillating particle with surrounding the particle fluid [9] in 
general, the interaction force (8) should also include a term which depends on history of relative motion of phases,
called Basset force. For harmonic motion, however, the effect can be incorporated in the above specified interaction
force by appropriate forms of the coupling coefficients. Substituting the above introduced constitutive
functions into the balance of linear momentum for solid and fluid phase one can obtain the equations for
macroscopic displacements of phases. The solutions of the equations corresponding to propagation of plane
harmonic waves in infinite medium are following:
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are amplitudes of displacement of solid and fluid, Z is the angular frequency, and q   {q1,0,q3} is the slowness 
vector which is related to the complex wave vector, k, by the relation k  Zq. The components of the slowness
vector are chosen in such way that the plane of constant phase is parallel to the x2 axis. Plugging the solutions into
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governing equations for displacements of the two phase model of magnetic liquid one obtains six homogeneous
equations with unknown amplitudes
s
i
f
i uu ,
,0
,0
,0
,0
364163362161
314113312141
334133332131
314113312111
 
 
 
 
ffss
ffss
ffss
ffss
uDuDuDuD
uDuDuDuD
uDuDuDuD
uDuDuDuD
 (11)
,0
,0
252251
222221
 
 
fs
fs
uDuD
uDuD  (12)
where the coefficients Dij are combinations of material constants, angular frequency and components of slowness
vector for which the explicit forms are given in [10]. Since the amplitudes
su2 and
f
2 are only present in the last
two equations they are independent of the other equations, and as the result the waves which are related to the
motion of particles in x
u
2–direction are not coupled with the waves for which particles move in the plane determined
by x1 and x3. The set of four homogeneous equations (11) has non-trivial solution if the appropriate determinant of
the matrix of coefficients, DI, is equal to zero, i.e. det DI = 0. This condition yields a dispersion equation
corresponding to the waves which are disturbances of displacement in the plane x1 and x3. Similarly, the uniqueness
of the solution of equations (12) demands that the corresponding determinant is equal to zero, i.e. det DII = 0. This
condition yields a dispersion equation corresponding to the propagation waves with motion of particles in direction
x2.
If the slowness vector is represented by a complex slowness parameter, D, such that q1  D sin- and q2  D cos-,
where - is the angle between the magnetic field and the direction of wave propagation one, obtains the dispersion
equations in forms of polynomials in D. The roots of the polynomials with positive values of real components of D
enable us to determine the number of the wave modes predicted by the model as well as the velocities and the
coefficients of attenuation of the waves. The model predicts four types of waves which are related to disturbances in
plane x1x3. Two of the modes are quasi-longitudinal waves for which the motion of particles of fluid and solid phase
take place in or out of phase. The remaining waves are the shear-like waves resulting from the existence of the 
stiffness of solid phase and viscosity of carrier liquid.
3. Ultrasonic absorption anisotropy as predicted by the two-phase model.
The predictions of the two-phase model of magnetic liquid for ultrasonic anisotropy were compared with
experimental data for variable strength of magnetic field.
In order to obtain numerical predictions of the proposed model a number of assumptions for material parameters
must be specified. It is assumed that the increase of the magnetic field causes growth of number of the clusters and
leads to the interaction between them. By assumption the interaction of the clusters which manifests by the non-zero
value of bulk modulus for skeleton Kb takes place solely in x3 direction (direction of magnetic field). The assumed
dependence of cluster number n and bulk modulus of skeleton Kb on magnetic field strength which leads to the best
agreement between model predictions and experimental results of the ultrasonic absorption anisotropy is shown in 
Fig. 1. 
Taking into account the fact that in the case of magnetic liquid the bulk modulus of solid material, Ks = 162 u 109
N/m2, is much greater than the bulk modulus of fluid phase, Kf = 2.3 u 109 N/m2, and the both parameters are few
order of magnitudes larger than the bulk modulus of skeleton of magnetic liquid, Kb, i.e. Ks >>Kf>>Kb, and using
relationship between macroscopic parameters of two-phase model of saturated porous media and the moduli of 
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phases [11], for given symmetry of the material one can assume that elastic parameters of the model are as 
following:
(13)
The mass density and bulk modulus of fluid phase are calculated for series model taking into account the
presence in fluid of free colloidal particles.
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Fig.1 Assumed dependence of the volume fraction of clusters, n,
and bulk modulus, Kb, on magnetic field strength which leads to 
the best agreement between predictions of the two-phase model
and the experimental results of sound anisotropy.
Fig.2 High frequency terms M(Z), \(Z) representing history
dependence of the interaction of solid and liquid phases. Solid lines
were plotted according to the Eqs. (15).
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The coefficients which determine components of viscous stress tensor in fluid are assumed to have the following
values: P = E = G = D = K and J = 2K, where K = 1 mPas is the shear viscosity coefficient of  water. In order to
specify the parameters of interaction force (8) the model proposed by Johnson et al. [12] is used. The model is 
reformulated assuming that the coefficients of viscous and inertial coupling are products of the steady state term and
high frequency approximation term, respectively,
)Z(
0
2
MK
k
nbn  ,  (14))()1( Z\DU  
f
nc
where
2
3,
19
2 22
0
n
n
rnk  

 D .
The functions of frequency M(Z), \(Z) represent history dependence of the interaction and are given by the
following relations:
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where ),1(9/4 nnr  / 1 i
b
, and r denotes the radius of clusters.
Moreover, it is introduced a single for both type of interactions anisotropy factor F which expresses the 
difference of interaction force in direction along chains of clusters (direction of magnetic field) and in perpendicular
directions, i.e.b nt F nt cc, .F 
The field-induced anisotropy of ultrasound absorption  was measured recently in water-based magnetic liquid at
the ultrasonic wave frequency Z/2S = 3.2 MHz [3]. Fig. 3 shows the predicted values of anisotropy of ultrasonic
absorption of the fast quasi-longitudinal wave propagating in x3 direction for various magnetic field strength
compared with experimental data [3]. The best fit for all magnitudes of magnetic field was obtained with the value
of anisotropy factor F equal to 1.7.
Fig.3  Anisotropy of the sound absorption coefficient in magnetic liquid for magnetic field intensities of 18, 30, 40, 70, and 100 kA/m
(from bottom upwards). Symbols represent experimental results [3] and solid lines are predictions of two-phase model.
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Although a further refinement of the model is necessary to include, e.g. changes in viscosity and cluster radius
with magnetic field, one should notice from a comparison of the results given in Fig. 3 that there is a good
quantitative agreement of theoretical results and experimental data. 
It should be noted that the model predicts also the existence of slow quasi-longitudinal wave. Its velocity is
about ten time lower and attenuation over thousands times higher as compared to the parameters of the fast wave.
However, with the currently available measuring methods it is impossible to detect this wave experimentally.
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